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Abstract 

We give a different proof of Paul Skoufranis's very recent result showing that the strong 
convergence of possibly non-commutative random variables X^'^' —>■ X is stable under reduced 
free product with a fixed non-commutative random variable Y. In fact we obtain a more 
general fact: assuming that the families X'-'^^ ~ {X^ } and Y^''^ — {Y } are *-free as well 
as their limits (in moments) X = {Xi} and Y = {Yj}, the strong convergences X^*^' -^ X 
and y^*^^ — >■ Y imply that of {X''''\Y'-'^^} to {X,Y}. Phrased in more striking language: the 
reduced free product is "continuous" with respect to strong convergence. The analogue for weak 
convergence (i.e. convergence of all moments) is obvious. 



By a C*-probability space, we mean a unital C*-algebra equipped with a state. 
Let (^('=), (/.(^)) and {A, cj)) be C*-probability spaces. Let {XJn^ \ m £ M} C A^-''^ {X^ | m G M} C 
A be families of non-conimutative random variables. We say that {X^n' \ m € M} tends strongly 
to {Xm I in € M} if for any polynomial P in the non-commutative variables {xm \ m G M} we 

, ^ ' have 4>^^'{P{Xrn )) — > cl){P{Xm)) (this is the convergence of moments) and moreover ||P(Xm )|| — > 

||P(Xm)||. The notion of strong convergence that was introduced in [5], was inspired by Haagerup 
and Thorbj0rnsen's paper [3j- More recent examples of strong convergence are obtained in [2j. The 
results below are motivated by work by Camille Male ^, who first considered the question of the 
f^ ■ stability of strong convergence, and by D. Shlyakhtenko's proof (see the appendix of [5]) that the 

b:^ ! reduced free product with the C*-algebra generated by free creators on the Fock space satisfies the 

desired stability property. Very recently, this was generalized by P. Skoufranis [7] to essentially all 
reduced free products. In this note we give a different more direct proof based on an inequality due 
to E. Ricard and Q. Xu that is a generalization to arbitrary reduced free products of results proved 
previously by Voiculescu, Haagerup and Buchholz (see [6]) for free products of groups. Our proof 
^_' yields actually a stronger stability than the one appearing in [7], as described in the abstract, but 

P. Skoufranis informed us that the original proof of \Ji\ also yields that improvement. 

1. A rough outline 

The main point to prove the result stated in the abstract is this: if we are dealing with a polynomial 
P that is a polynomial in X's and y's that are *-free and we want to compute its norm, we observe 
that if P is of (joint) degree at most d then Q = (p*p)™ will be of degree at most 2md. 
The Ricard-Xu non-commutative Khintchine inequality ([6j) gives 

{8md)-^kh{Q) < \\Q\\ < {Amd+lf kh{Q) 

where kh{Q) is a certain expression (actually a norm depending on m) that we will need to analyse 
below. 



Fix e > 0. The last inequality gives us that if m = m{d, e) is fixed but chosen large enough so that 
(max{8md, {Amd + l)2})i/2m <!_)_£ then we have 



(l + e)-^[A;/i((P*P)"^)]i/2m < ||p|| < (I + s)[kh{{P* P)"^)] 



l/2m 



Thus to show the strong convergence of X^^'^Y^'^' to X,Y it suffices to show that for m fixed 
and Q = {P*P)-^ we have 

or merely 

(1.1) kh{Q{x'^^\Y'^^^)) ^ kh{Q{X,Y)). 

But now a closer look at kh{Q{X,Y)) in ij3]will show that this holds. 

2. Background on ultraproducts 

It will be convenient to use ultraproducts, but we only need very basic and elementary facts that 
are recalled below. 

2.1. Let W be a non trivial ultrafilter on N. Given a sequence [X^^') of Banach spaces, we will 
usually denote by X their ultraproduct (see e.g. [1| for more background information). The 
elements x G X^ are equivalence classes of bounded sequences {x'^'^') with x^^' € X^^^ for all k. 
By definition, two such sequences {x^ ') , (y'^) are equivalent if lim^^ ||x^" — y'"|| = 0. We will 
sometimes write x = [x^ ']u to denote that {x^ ') is a representative of x. Whenever this holds we 
have ||x|| = lim^^ ||x'''^'*||. 

2.2. As is well known, when all the spaces in {X'^^') are Hilbert spaces X^ is also a Hilbert space. 
It may be worthwhile to remind the reader that if [Y^ >) is another family of Hilbert spaces, we have 
a canonical isometric embedding of X^ (S12 Y^ into the ultraproduct of the family (X^^' (8>2 Y^^'). 
Of course this extends to an arbitrary finite number of factors. Moreover, if sup^ dim(X'") < 00, 
then this embedding is an isomorphism. 

2.3. Let {X'''^'),{Y^^') be sequences of Banach spaces (resp. unital C*-algebras). Let T^^' : 
X^ > — 7> Y^ ' be a bounded sequence of linear mappings (resp. unital *-homomorphisms) then the 
mapping T^ : X^ -^ Y^ defined whenever x = [x^^'^ju by T^{x) = [T^^>{x^^')]u is bounded (resp. 
a unital *-homomorphism) with ||r || = lim^ HT'^^H. 

Given two Banach spaces X, Y , we will view a finite sum t = ^^ x{a) (^ y{ct) a X ^Y as an 
operator from Y* to X, and we denote by ||i|| the associated operator norm. 

Consider now a sequence t^ ' G X^ ' (S)Y^ ' in the algebraic tensor product with uniformly bounded 
rank R. Let us assume more precisely that there are, for each 1 < a < i?, bounded sequences 
(xW(a)) and {y^''\a)) such that t(^) = ^f 3;W(a) ®y(^')(a) G X^^y^^^). Let x"(a) = [a;W(a)]w 
and y"(a) = [y^''Ha)]u, and let t" = Ef ^^"(a) y"(a) G X" (g) Y^. Then 

||t"|[ =limw||t('=)||. 

Incidentally, this says that the injective tensor product X Y embeds canonically isometrically 
into the ultraproduct of the sequence {X^^> ^Y^^'). 



2.4. Let S^^' E B{H^^>) be a bounded sequence. Let S^ € B{H^) be the associated operator. 
Then it is easy to see that 

||5"||=hmw 115^11. 

More generally, let n be a fixed integer and H a Hilbert space. We denote by Mn{B{H)) the space 
of n X n matrices with entries in B{H) with the usual norm. 
Let S^^> G Mn{B{H^'^>)) be a bounded sequence. Then clearly 

\\[S^j\\\M„(B{m)) = limw II'S'^''1m„(b(hW))- 

2.5. Let C be a unital *-algebra. By a state on C we mean a linear functional such that (j){l) = 1 
and (j)[x*x) > for all x G C. Given this, the classical GNS construction produces a Hilbert space 
denoted by ^2(0) and a *-homomorphism n : C ^- B{L2{(j))) equipped with a distinguished cyclic 
unit vector ^ = ^(^ G L2{(j)), such that 0(c) = (o^,^) for any c G C. Let ^ = '/r(C) C B{L2{(j))). Then 
j4 is a unital C*-algebra. Let </>(a) = (aC)0 foi" any a G A. Then (/> is a state on j4, L2{(j)) ~ -^2(0) 
and the representation ^ C B{L2{(j))) can be identified with the result of the GNS construction 
applied to {A,(j)). 

2.6. Given a sequence of states (j)^^' on a unital *-algebra i?, let (vr^'^', H^'^' j^'^''') be the associated 
GNS construction and let A^'^'^ = ■k'^-^){B) C B{H^^^) be the associated C*-algebra. Let tt^ : B ^ 
B{H^) be the representation defined for any z = [z^'^'ju G H^ and b £ B hy 

7r"(6)([zW]i,) = [7r('=)(6)(z('=))]i,. 

Obviously, 

||7r"(6)||=limi,||7r('=)(6)||. 

Let (/) = liiT^w relative to pointwise convergence on i?, let vr : i? — ?> B{L2{4>)) be the associated 
GNS representation and let C = ?</.• Let also ^^ = [^^''^Jw. Then 

||vr"(6)^"||2 = Wmu \\T^^^\h)i^^'^ f = liuiu (l)^''\b* b) = (l){b*b) = ||7r(6)ef . 

Therefore, the correspondence TT{b)^ 1-^ vr (6)^ extends to an isometric isomorphism from ^2(0) 

onto the subspace K^ C H^ that is the closure of {vr^(&)^ | b G B}. More precisely, the restriction 

of vr^ to K^ , i.e. 6 1— >• T&'{b)\^u G B{K^), is unitarily equivalent to the representation vr. 

Now let us assume moreover that (j) = liuiu cp^''' strongly. This means (see below) that ||7r(6)|| = 

lim^ 11^ (^)ll = 11^^(^)11 foi' any b £ B. Then the mapping 7r(6) 1— )• 7r^(6) defines an isometric 

embedding 

ip : A = tt{B) -^ B{H^). 

3. Main result 

We now turn to a more formal description of our main result. 

A more abstract (but equivalent) version of the statement in the abstract can be given in terms of 

convergence of states. We use the notation in 12.51 

Let (j) (resp. (j)^^\ {k G N)) be states on a unital *-algebra C with associated GNS Hilbert spaces 
denoted by ^2(0) (resp. L2{(l)^^')). Let vr (resp. vr^'^')) be the associated GNS representations of C 
on these Hilbert spaces. We say that (j)^ > tends to strongly and we write (f)^ ' -^ 4> ii 4>^ ' tends 
to (j) pointwise on C and moreover if ||7r('^'(c)|| — ?> ||vr(c)|[ for any c in C. 



In [8] the notion of free product of a family of states is defined. It can be described as follows. 
Consider a family of states {(pi | i G /} with GNS Hilbert space Hi = L2{(pi), GNS representation 
TTj : Ci ^ 5(^2 ((/>j)) and distinguished unit vector ^j. Let Ai C B[L2{4>i)) be the associated 
C*-algebra. We denote by tt, : A, — )• B{L2{4>i)) the inclusion map. Let B = *i£iCi be the 
(algebraic) free product of unital *-algebras. Following Voiculescu (see [5]) One defines a Hilbert 
space free product (H,^) = *i^j(Hi,^i) and a representation n of B acting on (H,^). Let 4>i (resp. 
(j)) be the vector state on A^ (resp. 7r(B)) associated to ^i (resp. ^). The unital C*-subalgebra 
^ = 7r{B) C B{H), equipped with (p, is called the reduced free product of {Ai,(pi)i^i. We will 
denote by (/> = *i£i4>i the vector state on i? defined by (j){b) = (7r(5)^, ^). We call it the free product 
of the states {0j | i € /}. Then we can reformulate the main result like this: 

Theorem 3.1. Let Ci (i (z I) be a family of unital *-algebras. Let {(pi | i € /} (k £ 'N) be a 
sequence of families of states, each (pl being a state on Ci. Assume that we have states (pi on Ci 
such that, for each i € I, when k ^>- oo we have 

<pf^ 4 </>.. 

Then 

*i£l9i -^ *i£l(Pi- 

3.1. Let Ai be associated to {Ci, (pi) as above. We view each Ai as a subalgebra of A = *i^iAi. By 
a monomial of length d we mean a product of the form xi- ■ ■ Xd with Xj G Ai . such that (pi . {xj) = 
and such that ii ^ i2 i^ ' ' ' ^ id- By 8' homogeneous element of length d'va. A = *jg/^j we mean a 
finite sum of monomials of length d. An element is called of length < d if it is a sum of homogeneous 
elements each of length < d. Note that the elements of finite length are dense in A. 

Let us denote by Wd (resp. W<,d) the space of homogeneous elements of length d (resp. < d) 
in the preceding sense. We also set Wq = CI and denote by Wd the closure of Wd in A. Then 
the Ricard-Xu inequality we will use is this (note that the assumption in [6J that all the GNS 
constructions are faithful is here automatic): There are constants c' > and /3 > such that 

(3.1) Vd Vx G Wd ic'd^)-^kh{x) < \\x\\ < (:d^kh{x), 

where we set 

kh(x) = maxj max ||tr(a;)IL max ||sr.(x)|||, 

0<r<d l<r<d 

and where tr{x), Sr{x) are defined as follows: Consider an element x € Wd, of the form x = ^^ x{a) 
with x{a) monomial of degree d as described above. Let us denote by ^ the distinguished unit vector 
in H = *i(zjHi. We define when 1 < r < d — 1 

tr{x) = \Jxi(a) • • • Xr{a)^ (g) Xr+i(a) • • • Xd{a)^ ^ H ® H, 

a 

and also tQ{x) = ^„ ^ (g) xi{a) ■ ■ ■ Xd{oc)^ and td{x) = ^„ xi{a) ■ ■ ■ Xd{oc)^ (g) ^. We will identify an 
element a^b ^ H ® H with the linear map T E B{H* , H) defined by T{z) = z(b)a. In this way 
we will view tr{x) as an element of B{H*,H), and we denote by |[tr(2;)|| its norm. 

Assuming / = {1, 2} for simplicity. Let us denote by Jj : Ai ^ Ai (B A2 {i G /) the canonical 
embedding. Assuming that Xr(a) € Ai for i = i{a,r), we set 

Sr{x) = ^xi(a) ■■■Xr-l{0()i (8)Xr+l(a) ■■■Xd{a)i<^ [Ji{a,r){Xr{a))] E B{H*,H) ® [Ai ® A2]. 



We then denote by ||sr.(x)|| its norm in the minimal tensor product B{H*, H)i^jam[Ai(BA2]. Equiva- 
lently this is the maximum of two norms, one in B{H* , ii^)(8)min^i (induced by B{H*(S)Hi, H(S)Hi)) 
and one in B{H*,H) (g)min ^2 (induced by B{H* ®H2,H® H2)). 



3.2. By |6j there is a (completely) bounded projection Q^ : *JG/^i -^ W^ with HQ^II < max{l, Ad}, 
defined so that if 2; = xq + • • • + xd with Xd G Wd for all < d < D, then Qd{x) = Xd- 
Obviously this implies 

(3.2) (max{l,44)-i max {|lQ,(x)|l} < ||x|l < (d + 1) max {||Qrf(x)||}. 

0<d<D 0<d<D 

It will convenient for us to extend the above definition of kh as follows: for any D and any x € W<d 
we define 

(3.3) kh{x) = sup kh{Qd{x)). 

0<d<D 



Combining (|3.2p with (|3.ip we now obtain that there are constants c > and a > such that 

(3.4) Vd Vx € W<d {cd'')-^kh{x) < \\x\\ < cd"A;/i(x). 

o o 

3.3. For any z G / we set Cj= {x G Cj | (j){x) = 0}. The elements of Cj will be sometimes called 
"centered" (with respect to (/)). Let Bq = CI. By elementary (free) algebra, one can show that the 
algebraic free product B is linearly isomorphic to the direct sum 

(3.5) Bo e @d>i,h^-^iaB{k, ■■■ ,id) 

where the subspaces -B(ii, • • • ,id) (d > 1, ii ^ 12 ^ • • •) are formed of all products of the form 

o 

(3.6) Xji • • • Xi^ with Xi. eCij VI < j < d. 

(k) (k) 

Recall that, for each k, we are given a state (p^ on C,. We will denote by v;^ : Ci ^>- Ci 

(k) 
the linear mapping that transforms centering with respect to (j) into centering with respect to <f>l . 

More precisely, v^ is defined by v^ (1) = 1 and Va sCj v^ (a) = a — cp- (a)l . Using the above 

(k) 

direct sum decomposition of B, and viewing Ci C B we can extend the mappings v^ to a single 
mapping on B. More precisely, using the freeness of the product, there is a unique linear map 
yW \ B ^ B that coincides with vi on Ci for each i G / and is such that for any element of the 
form (13.6P we have 

t;W(x.,...x,J = t;f(x,J...^g)(x.J. 

We note that if we equip B with the maximal C*-norm then we clearly have 

(3.7) V6gS \\v^^Hh)-b\\^{). 

Let us denote by Pd the linear projection (relative to (|3.5p ) from B to the subspace Wd C B defined 
by 

Wd = ®i^^...^i^B{ii,--- ,id). 

Fix k. Again let Wo = CI and W<d = Wo + • • • + W^. 

(k) 

Suppose now that we replace by (j)) so that we have a direct sum decomposition as above but 



(k) (k) 

now associated to i;^,- . This leads to subspaces W^ C B defined exactly like Wd but with respect 

(k) (k) (k) 

to <j)- . Let P^ denote the linear projection from B to the subspace W^ C B in the said direct 

(k) 

sum decomposition relative to (pl . It is easy to check that we have for any k 
(3.8) i;('=)p, = pfi;('=). 

3.4. Returning to the situation of Theorem 13. H let H^^ = L2{4>\ ) with distinguished vector S,\ , 
GNS representation vrf ^ : d -^ Af^ C Biuf^) with Af^ = vrf V*)- We define A^^^ = neiAf\ 
//C^) = *^^jH^ ' and let tt^'^^ : B — )• *i^iA\ ' C B{H^''^) be the corresponding representation. Let 
H^ (resp. H^) denote the ultraproduct of (fC')) (resp. hI''^). 

We will use 12.61 when <j) = *i^i(j)i and (j)'^^^ = *i^i(pl ■ Let H = L2{(j)) with ^ = ^(^. We denote by 
TT : B = *i<ziCi — )• B{H) the GNS representation relative to (j). We have natural identifications 

{H,0 = *i^l{H;M) and (//(^•),e('=)) = *,e/(^f \ef )• 

In this case, the correspondence 7r{b)^ i-^ 7r^{b)^^ = [7r('^''(6)^''^']^ defines a unitary operator from 
H to K^. We will denote by 

V : H -^ H^ 

the corresponding isometry. 

Assume now that 4>l — t- 0j. Then (see l2.6p we have an isometric embedding 

V'^ : Ai^ B{hY) 

such that ipi{TTi{b)) = 7r^(6) for any b ^ Ci. 

3.5. Consider now a monomial of length d in '7r(i?) C *i(zjAi as defined in 13.11 above, of the form 
X = xi- ■ ■ Xd with Xj E j4j^. such that (pi^i^Xj) = and such that ii ^ i2 ¥'"'¥' "i-d- We can choose 
6j G Cj^ such that rrj = 7rj,(6j). We may also view bj as an element of i? = *i^iCi, then with this 
abuse of notation we may write also Xj = T^{bj). 

Let xf~^ = TT^^^bj) and yf ^ = 7:(''^v^^\bj). Then by ([SZD lim^ ||xj.''^ - yf ^|| = 0. 

It will be useful to record here also that, a fortiori, for any 1 < r < d we have by (j3.7p 



(3.9) v{x^---xrO = [y['^---yi'k^% and V {xr+i ■■■ xdO = [yi%- ■■ y'd\^%- 

Proof of Theorem \3.1[ The pointwise convergence of *i£i4>l to *i£i(j)i is obvious by definition of 
the free product of states. To show the strong convergence it suffices to show that limj^ llvr'- •*(6)|| = 
|[7r(6)|| for any 6 € 5 and any non trivial ultrafilter U on N. Recall B = *i^jCi (algebraic free 
product). Note that B = Ud>V<d. The main point is that, by the Ricard-Xu inequality, there are 
constants c > and a > such that 

(3.10) V6e>V<d {cd'^)-^ limu \\TT^''\b)\\ < ||^(6)|| < cd" lim^ ||7r('=)(6)||. 

If we accept this result, the proof is immediate: we just note that {b*b)^ is of degree at most 2md, 
therefore (c(2md)")-Mimw||7rW ((6* 6)"^) II < ||7r((6*6)™)|| = ||7r(6)||2™ < c(2m(i)° limi^ ||7rW((6*6)™)|| 
and ||7r('=)((6*6)™)|| = ||7r('=) (6)112"^. So we find 

(c(2m(i)")-i/2miij^^||^(fc)(5)|| < 11^(5)11 < (ci2md)'^y/'^"'limu\\TT^''Hb)\\ 



and letting m — )• oo yields the equality lim^^ IK (^)ll = IK( 

We now turn to the proof of (|3.10p . By the Ricard-Xu inequality (|3.4p , we have 

(3.11) V6 e W<d {cd'')-^kh{TT{b)) < \\TT{b)\\ < c(Pkh{-n{h)). 

and 

{ccP)-^\unukh{TT'^^\h)) < limu ||vr('=)(6)|| < cd" lim^^ A:/i(7rW(6)). 

Thus to conclude, it suffices to show that Iujik kh{TT^ ' (b)) = kh{h). 

We claim that it suffices to prove this for h € U^Wd, i.e. such that Pd{h) = b for some d. 

Let Q^ : A^ ' — )• A^ ' be the analogue of Qd with respect to A^ > . By the very definition of kh in 

(|3.3|) it suffices to show lim^^ f^h{Q^ '-K^^^b)) = kh{Qd'^{b)) for any d. At this point it is worthwhile 

to observe that Q^vr = vrP^ and Q^ tt^^> = tt^^'P^ . Thus it suffices to show equivalently that for 
any d we have 

(3.12) limu kh{7i^''^pf\b)) = kh{7rPd{b)). 

Note that by dSD, since PJf"^ is idempotent, we have PJfK'^''^ = P^''\^^'^Pd and by ([SZD this 
implies ||P^ (6) — P^ Pd{b)\\ -^ 0. Then the equivalence ()3.4p . applied to each vr*^'^^ implies 
A:/i(7rWpf)(6) - 71^=)^^ Vrf(6)) ^ 0, and hence limu kh{7r(''^ PJ^'^b)) = lim^ A:/i(7rWpJ''^Prf(6)). 
Therefore, to prove p.l2p we may assume that b = Pd{b) for some d, proving our claim. 
To conclude it suffices to show, when b = Pd{b), that we have for any r: 

limwt,(7r('=)pf )(6)) = tr{n{b)) and lim^ s,(7r(^)p]')(6)) = s,(7r(6)). 

In order to verify this, let x = 7r(6), and let x^'^^ = -K^^^v^^^b) = vr'^'^^PJ '{b). 

We may assume that 6 is a finite sum of the form b = ^^^i b[a) with 6(a) S W^^, and 

o o 

b{a) = bi{a) ■■■bd{a) with 6i(q) gCji,--- ,bd{a) gQ^ and ii / ^2 / • • • / «d- 

Then x = 7r(6) = J2a=i^('^) with x{a) = 7r(6(a)) = xi{a) ■ ■ ■ Xd{a), with Xj{a) = ■K{bj{a)), and 
we have x^*') = Zla^^'^H") with x'^''\a) = Vi \a) ■ ■ ■ yf (a) with yf \a) = ■K^'^'>v''^\bj{a)). 
We remind the reader that ^ denotes the distinguished unit vector in H = *i(^jH^ , and 

tr{x) = y^xi{a) ■ ■ ■ Xr{a)^ (8) Xr+i{a) ■ ■ ■ Xd{a)S, G H ® H 



a 



is viewed as an element of -6(77*,//). Moreover, in the case / = {1,2}, Sr{x) € B{H* , H)^[AiQ)A2]- 
Recall also that H^ denotes the Hilbert space ultraproduct of the free products defined by {H^^' ,^^^') 
*i^i{Hi ,Q ). We will compare ^^(2;) with 

t.(iW) = Y. yf\a) . . . y^J'\a)i^^^ ® ?/« (a) • • • y^\a)i^^^ G F^ H^^\ 

a 

We can naturally associate to the sequence {tr{x^^')) an element T^ E H^ ® H^ . Moreover, since 
the sum over a is a finite sum, the ranks of the tensors tj.{x^ ') are uniformly bounded, and hence 
it is easy to check (see 12. 3p that 

(3.13) IIT^II =limw|ltr(x^''^)ll. 

Consider now (see [3^ the isometry V : H ^ H^ defined by V{iT{b)() = [TT^''Hb)^^''^]u- We have 
then, by ([32]) 

{V(^V){tr{x))=Tr 
7 



from which ||rj.|| = |[tr(2;)|| follows. 

Similarly, assuming / = {1,2} for simplicity, we will compare Sr{x) with 

a 

Now again, since a runs over a fixed finite set, the sequence {sr(x^ ')) defines an element Sr in 
{H^ H^) 0min [B{H^) e B(h'^)], where H^ H^ is viewed as embedded in B{H^*,H^) and 
the norm is the minimal norm (see I3.ip . 
Using 12.41 and the uniform bound on the ranks of the tensors involved, it follows that (see 12. 4p 

(3.14) \\Sr\\ = limu\\sr{x^''^)\\. 

We now again use I3.4i We have then, by (|3.9p 

from which \\Sr\\ = \\sr{x)\\ follows. Thus we obtain by (j3.13p and ()3.14p that 
||ir(a;)|| = limw \\tr{x^''^)\\ and ||sr(x)|| = liuiu \\sr{x'^''^)\\, 
and this concludes the proof of (|3.12p . D 

We now turn to the situation considered in the abstract. Given a family X = {X^ \ m G M} in a 
C*-probability space {A, cj)), let C be the unital *-algebra of all polynomials in the non-commutative 
variables {xm,x'^ \ m € M}. We will say that (A, <^) is adapted to X if C is dense in A and the 
GNS-representation associated to (j) (or equivalently to the restriction of (p to C) is isometric (it 
suffices for this that (j) be faithful on A). 

Corollary 3.2. Let {X^^ \ m € M}, {X„, [ m € M} and \Y!f^ | n G A^}, {y„ | n G iV} he 
sequences of families of non-commutative random variables in some adapted C* -probability spaces. 
Assume that {Xm \ in G M} tends strongly to {X„i \ m G M} and that {Yn | n G N} tends 
strongly to {Yn \ n G A^} when k ^ oo. Assume moreover that for each k {Xm \ m G M} and 
{Yn I n G N} are *-free and also (a fortiori) that {Xm \ m G M} and {Yn \ n G N{ are *-free. 
Then the joint family {Xm\ Yn \m ^ M, n G N{ tends strongly to {Xm, Yn \ m ^ M, n G N}. 

Proof. The assumption that {Xm \ m G M} tends strongly to {Xm \ m G M{ means that for 
any polynomial P in the non-commutative variables {xm \ "i G M} we have 4)\ {P{Xm )) -^ 
4>i{P{Xm)) (this is the convergence of moments) and moreover ||P(Xm )|| — )• ||P(Xm)||. We also 
assume this with Y in place of X. Let Ci (resp. C2) be the unital *-algebra generated by non- 
commutative variables {xmjX"^ \ m G M} (resp. {y„,y* | n G N}). If {Xm \ rn G M} is given as 
realized inside a C*-algebra equipped with a state /, we define the associated state (pi on Ci by 
01 (P) = f{P{XmiX^)) and similarly for (j)2 on C2. Repeating this for each /c, this leads to states 
(pl on Ci for i = 1,2. We may then identify the free product Ci * C2 with the unital *-algebra 
generated by non-commutative variables {xm,Xm,yn,yn I "^ ^ M,n G N}. The Corollary then 
appears as a particular case of the preceding Theorem. D 

4. Supplementary Remarks 



4.1. Recall {H^^\^^^^) = *ie/(/?f ^4^''^) . Going back to the definition of the free product, a 
moment of thought (recall I2.2p shows that we have a canonical isometric embedding 

(4.1) h : *,<.iHY C H^ 

that respects the distinguished vectors. 

Assuming / = {1,2}, the mapping h can be described like this: First we have /i(^) = ^^, then 
whenever we consider an element Xj in H^r\{^} (resp. -^2 '"'{'^2 } ) ^^ *^^^ choose representatives 
(x^- ') of Xj with X- in Hi T\{^\ }^ (resp. -fTg l~'{C2 /''")) ^o ^1^^* given an element x = xi®- • ■<^Xd 
of degree d in *i^jH^ , with alternating factors in i^j n {^[ }-*- and i?2 ^ {^2 }^' ^^ then define 
h{x) as the element of H admitting as representative the sequence (x^^) with x*-^ = x^ (X)- • '^x^ ■ 

4.2. With the notation of the Corollary, whenever X^'^) = {xi\xi^* | m G M} on (y4('=),(/.('=)) 
converges in moments to {Xm^X^* \ in G M} on (A,(p), it is well known that for any non-trivial 
ultrafilter U and any polynomial P, we have 

(4.2) ||P(X)|| <limi,||P(X(^'))||. 

Indeed, for any e > there are polynomials Q,R with unit norm in iv2(0) so that 

||P(X)|| - e < \^{P{X)Q{X)R{X))\ = hm^ [</>W(P(X('=))Q(xW)ii(xW))| < limz, ||P(xW)||, 
from which (j4.2p follows. The converse inequality is the essence of strong convergence. 

4.3. With the same notation as 14.21 if the variables X = {Xm,Xm* \ rn G M} all commute (i.e. 
form a family of commuting normal operators) then the (commutative) C*-algebra A to which X is 
adapted is isometric to the C*-algebra C{K) of all continuous functions on a compact set K <zC 

Similarly, if all {Xm jXm \ m G M} commute, the C*-algebra A^''^ to which X^''^ is adapted is 
isometric to the (commutative) C*-algebra C{K^^') for some subset K^^> C C. When the family X 
(resp. X^ >) is reduced to a single normal operator, we can adjust so that this operator corresponds 
to the function -P(A) = \ on. K (resp. K^^>). In that case, K (resp. K^^>) is the spectrum of the 
operator X (resp. X^ >) and it is an easy exercise to check that X^ ' —> X iff it converges in 
moments and moreover 

lim sup d{\, K) = 0. 

Wigner's classical theorem about the convergence of the eigenvalues of Gaussian random matrices 
was strengthened in [3J as follows: let X^^>{uj) be a random k x A;-matrix the entries of which 
are independent complex Gaussian N{^,k~'^), then for almost all w, X^'{uj) tends strongly to a 
circular random variable. A similar result is valid for the classical Gaussian Wigner (Hermitian) 
matrices (model for the so-called GUE) now with a semi-circular limit. See [Sj |2] for more general 
results. 
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